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The motivation for the introduction of the Fréchet derivative is that it may
be used as the basis of an infinite dimensional calculus. Two typical results
are now described. The first, the proof of which must be postponed (see

- Problem 6.12), is a generalization of the Mean Value Theorem in which the
ordinary derivative is replaced by the Fréchet derivative A'(g). Of course
here A’(g) is an operator, and the operator norm—that is the norm of
Z(#, 6)—must be used; similarly the continuity of A( - ) will refer to con-
‘tinuity in the operator norm.

- 44.7 Lemma, Suppose that % and € are Banach spaces. Let D be a convex
| subset of # and assume that A: D — € is Fréchet differenitiable at every point
of D. Then : ; ; 3 j

147~ 491 < |7 - g sup| 4] :

In other words (cf. (4.3.2)) A satisfies a Lipschitz condition with constant ; =

q = sup| A'(h)].
heD

, This bound provides a useful method for estimating the Lipschitz constant = - {
{ in applications of the Contraction Mapping Principle. Evidently the smaller ’
the maximum of | 4'(k)|| on D, the more rapidly will the iterates converge to
the fixed point . The following says a little more: the asymptotic rate of
; convergence (that is near f') is determined by the Fréchet derivative at f.

126 4 INTRODUCTION TO NONLINEAR OPERATORS

|

i

|

- 4.4.8 Lemma. Let D be an open subset of the Banach space B, and assume II
that A: D — % has a fixed point f'in D. Suppose that A is Fréchet differentiable |
at fwith | A'(/)|| < 1. Then given anyewith0<e< 1 — |4, there is an /(
open ball S(f, 6) such that if f, € S(F, 5), the iterates Jo=Af,_(n = 1) also lie |
in S(f,8), lim £, = f, and : : ‘

VA <@ai+ b0

Proof. Choose any ¢ as above. Then from the definition of the Fréchet
derivative, there isa é > 0 such that for any fe S(/, 6),

I4r = 47~ a7 - D) < el - 7).

Therefore ' ;
lar=7l=lar-a7p - -
<|4f = 4 - AN - D) + |ADT - )
<(laD) + 9lr =71 ~
< 6. ;. :
That is Afe S(f, 8). It follows by induction that if 1, € S(f, 8) so does f, for
n 2 1. The above inequality with j; replacjng fshows that § :

s =71 < 2@l + D5, - 71,

Repeated application of this relation gives the final result, from which the
convergence follows. =i VEpr g
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4.3.1 Definition. A is said to satisfy a Lipschitz condition on D with Lipschitz
constant g iff there is a ¢ < o such that

lAf — 49| <q|f —g] (fgeD)

In one dimension a function which satisfies a Lipschitz condition is
absolutely continuous, and hence differentiable almost everywhere. It is
convenient to have the following terminology available when D is unbounded.

4.3.2 Definition. A will be said to satisfy a local Lipschitz condition iff for
each bounded S < D, A4 satisfies a Lipschitz condition on § with Lipschitz : [
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constant g (which may depend on ).

4.3.3 Definition. A will be called a contraction iff it satisfies a Lipschitz con-
dition with Lipschitz constant g<l. '

pping Principle. Suppose that A maps the closed (
subset D of the Banach space # into D and is a contraction, Then A has exactly

. one fixed point, f say, in D. Further, for any initial guess fo €D, the successive
approximations f, ., = Af, (n > 0) converge to f, and the following estimate
for the convergence rate holds: b

P-flsqt-oar-51 @33

4.3.4 The Contraction Ma

Proof. Since A is a contraction, : : '

NSl = 14, - And <alf, - £} |

and it follows from Lemma 1.4.3 that forn > m, =g ’ f
: %jf;s|_fn[i<q"{1 _q}-lu'Afo_fo'L ‘
This proves thalUu) 1s Cauchy. Since D is closed and (f)) lies in D, (f,) con- !

verges to some f say in D. As A4 is continuous, Af = lim Af, =limf, ., = £
That is fis a fixed point. To prove uniqueness, suppose that § is another fn;ed

point. Then. ‘

and since g < 1, it follows that f = 7.

Va1 -mlsdi-gl

0

o

<




' 1
Ca‘cu’q“ows \[Or‘ Prop 3_/1 : E_J

'(3-3): Wb = Qu¢(><) + C{n(x) “qu € XP :><W~A’qv~¢'d’p> ‘1"0

Lﬁd"@‘”” 9p - ‘*Wnr¢P> = <~QL\¢ (¢i}’ O <¢l ¢P>

a . - W, $P>
<¢, $°>

AN VAN A SN

. M, = (/f*-f))ah_- /ZZ) " = (4’[3) M (iz)[JﬁP)/¢P(a“4>+%)dQ
e o /4’? Cb A : l/(;?$ dL
, In ek,
Qn Ak
('1 P)Gh + (“'f’)/{)} $d£ = »p)%

. 4 ™ 2w
A~
“a = (4= p) [/”(;;m@ p e
/@d) ok | / C o+ v k)
o 9
\
) o . [ 6P (L) = N
= ( P)B/m'\ + P('P)//>$dk dk c-t—V“L)SO“‘I 4> (k l'“)Vvv\(l"')
.
A « 07 ) & ()
SN o
P b (k) = (V)
PP S (1)
=(plpm, o o 4-p) /¢ -
A 1 W T pmny,
P /Vd’ die ( P){"‘ p
* (3 5) OIV"“( (x) ‘Qn(x) - (C,+Z_) AH‘?\«.(X) -vql\ = c/{“« L cfv](?: + .ﬁ- /;A;(./\
v C sy v
a, = 2= o
~ AoA T 7 e [Por e e o S
Haea a\“u‘ct; T e = 4-:—#/\ *C‘M*d = —:(i"m“@+]’m“$ + P 4:: +vqh
P N cﬁp ‘q%:ra ~ (*)
(4= — [§s (e fl] = p ey B, i L
- v M,AAI_E
A P 1*(“’/\




[4.] =

/?I{‘.)
My el
C+ vik)

[.(:[c *u’é'&:‘b) Eam(“‘fj de

f%}(u) G dk

COW\PCJO{ Hou O£

(3/1 32)

———

: H Pr, Y
(w, + @) (5]
R
o A vkl

(o)




U
(u?g fo O(W,

We Eoly get-

( "—(ﬁ“}x‘ (0) =
B

a2 Y
? ‘ [ﬁcw)é 0‘9}

3 -l»qu-\ W

s . Y”‘
*)P /(c—w)@ids] ) [?_
e o+ vd R [Qr Das

v 0l

oA
[{kav] gzds}\ JA'/}&”* wj»*h

A
/i@*V} %Zo{s K /c, ‘/Tgwwlic —‘_”/—:-;.‘—_:—”‘”“:/)
il e

e

t e+ vk

S A A -
e e ¥ b
Jic o) §onds (e b (et b )
JerdSds et
/ﬁga{s (l/@?o?sx




SW\AP'!(Y uS,e, (C"‘/)‘# CA?P @
f ]
/(L+V}¢1"(5‘ - 4 \ ?E
/@P@ds
henes ~ A~ g; 7 Jres 333 ds ,/’g\f}uf/\“o{s .-p/@;’:,“,‘;a(:
B T T ACIOSP AL e
(e g T T [FE
L T
¢ x W, » jcf’P wods — P](;Q Henr

,W& rewrhle,

. A A
//Zd;:;*/\)éﬁ) %(Ia)d’i = /did’/ ¢’ (S'L)'w“(b)c{)(s)
/ 7 -

“A




Lemmg 2.3: Zeros of Flu)

<oP u>|F 4T,
Flu) = ““‘L‘“‘—l : _u,‘ | + 1<47 wat. 4)_ “
He 0 “ pI>0 K= K

E
!
¢
!
F

( => <<é')( “u.> :o)

) -Po{u oA EV g,
(‘—'3 woh EV over XP)

LQMMQ 2_‘5 N

‘ \\ - FO)> O . C/OV\H“L(O(LS Lo (yk”‘ ’ﬂ“)
el ! T L%

O~ = Fl-w) ’? ﬁ)\a e - >
. - \ \ [
) 3
! Lo

FOV'M {2—42}‘ - (x)u ::O

(el i Ao

! \<(c+l>‘/((4’l)
(Cf ﬁ)U” P‘f’p U =2 (C*r—)u

+ mouno fouically de,creas}uj f

¢ COm““vws aJl EVpKwHL u, € XP

B

~pdP " Y =0 = () -;% 477U -0



