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Introduction

Surface wave = wave inherent to the interface of 2 (or more) materials
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Introduction

Surface wave = wave inherent to the interface of 2 (or more) materials

Examples of nonlinear electromagnetic surface waves

@ surface plasmon polaritons at the metal/dielectric interface kawata, 2001
@ interface of a linear and Kerr nonlinear dielectric maradudin, 1983; Tomiinson, 19801
@ interface of two homogenous Kerr nonlinear dielectrics

[Maradudin, 1983; Stegeman et al, 1985; Boardman et al, 1991]
@ interface of a periodic lattice and a homogenous dielectric
[Makris et al., 2005],[EXPERIMENT:Suntsov et al., 2006]
@ interface of two periodic dielectrics with saturable nonlinearity and with
different Ng arashov etal., 2006]
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Introduction

Surface wave = wave inherent to the interface of 2 (or more) materials

Examples of nonlinear electromagnetic surface waves

@ surface plasmon polaritons at the metal/dielectric interface kawata, 2001
@ interface of a linear and Kerr nonlinear dielectric maradudin, 1983; Tomiinson, 19801
@ interface of two homogenous Kerr nonlinear dielectrics

[Maradudin, 1983; Stegeman et al, 1985; Boardman et al, 1991]
@ interface of a periodic lattice and a homogenous dielectric
[Makris et al., 2005],[EXPERIMENT:Suntsov et al., 2006]
@ interface of two periodic dielectrics with saturable nonlinearity and with
different Ng arashov etal., 2006]

Our setting:
@ interface of two periodic media with different coefficients of Kerr
nonlinearity
e periodicity = gaps in the linear spectrum
@ nonlinear (de)focusing = solitary waves in the gaps possible (gap solitons)
e material interface = special solitary waves localized at the interface
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Intro.

Introduction - Mathematical Model

Gross-Pitaevsky equation

iU = U +V(X)uU—-T(X)[uPu, xecRt>0
Nx)=ryforx >0,I_forx <0

case A : V(x) smooth, d—periodic
V(x)...real, continuous and < case B : V(x) d—periodiconx > 0andonx < 0
V'(x) discontin. atx =0,
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Intro.

Introduction - Mathematical Model

Gross-Pitaevsky equation

iU = —Uxx + V() U —=T(X)ufPu, xeR,t>0
Mx)=ryforx >0,I_forx <0

case A : V(x) smooth, d—periodic
V(x)...real, continuous and ¢ case B : V(x) d—periodiconx > 0andonx < 0
V'(x) discontin. at x = 0,

Choose: Vo(x) = sin’ (%)

case A: case B:
V(x) = Vo(x) V(X) = Vo(X = 8)X(~o00.0) + Vo(X + 8)X[0,)
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Introduction

Applications: ll
@ beam propagation in Kerr nonlinear dielectrics

with transverse periodicity Ly B

@ Bose-Einstein Condensates loaded on an optical lattice
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Introduction

Applications: ll
@ beam propagation in Kerr nonlinear dielectrics

with transverse periodicity Ly B

@ Bose-Einstein Condensates loaded on an optical lattice

In most dielectrics a jump in the nonlin- N much larger jump in the

Note: .
ear part of n linear part

BUT not in all materials ismer et al, 2006
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Introduction
Applications: ll
@ beam propagation in Kerr nonlinear dielectrics /

YA -t ERpE———
with transverse periodicity % B

@ Bose-Einstein Condensates loaded on an optical lattice

In most dielectrics a jump in the nonlin- N much larger jump in the

Note: .
ear part of n linear part

BUT not in all materials ismer et al, 2006

Aim: single-hump, exponentially decaying, solitary wave solutions
u=e“y(x),¢: R —R, ¢ € C}(R)centeredatx =0

—¢" —wp+V(x)¢ —T(x)¢° =0,x € R )
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Outline

e Introduction

e Background
@ Floquet Theory
@ Gap Solitons

e Surface Gap Solitons - Smooth Potential (A)
@ Bifurcations of SGS’s from Nondegerate GS'’s
@ Numerical Computations
@ Asymptotics near GS Bifurcation Points

e Surface Gap Solitons - per. potential with singularity at x = 0 (B)
@ Gluing Technique
@ Numerical Homotopy Continuation

e Conclusions, Future Work
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Background

e Background
@ Floquet Theory
@ Gap Solitons
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Background Floquet Theory

Linear problem for a smooth V (x) (Floquet theory)

Ly =wyp, L=-Z+V(X),V(x+d)=V(x)

Hill's equation:
o(L) = oc(L)
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Background Floquet Theory

Linear problem for a smooth V (x) (Floquet theory)

Ly =wyp, L=-Z+V(X),V(x+d)=V(x)
Hill's equation:
o(L) = oc(L) = X = [wo,w1] U [wz,w3] U... —_—

o]
0y 0y e, @y ay 5

won—2 <wzn-1 SWwan, wh —o00aSN — 00 o
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Background Floquet Theory

Linear problem for a smooth V (x) (Floquet theory)

Ly =wyp, L=-Z+V(X),V(x+d)=V(x)
Hill's equation:
O—(L):O—C(L):Z: [Wo,wl]U[wz,w3]U... —_—

won—2 < won—1 Jwop, wp — o00aASN — o0 g
@ weint(X) =« quasi-periodic:
Y= p(x)eiikxa ke [Oaﬂ—/d] vp(x + d) = p(X)
@ w=wnp =
one solution 1, (X) periodic or anti-periodic (k = 0 or k = «/d)
second solution grow linearly
@ weR\X = 4 grows exponentially as x — oo or X — —o0
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Background Floquet Theory

Linear problem for a smooth V (x) (Floquet theory)

Ly =wyp, L=-Z+V(X),V(x+d)=V(x)
Hill's equation:
o(L) = o¢(L) = X = [wo, w1] U [wz,w3] U ... —
won—2 < wan—1 < Wan, Wp — 00 @S N — 00 oot et
@ weint(X) =« quasi-periodic:
¥ = p(x)e™ k € [0,7/d],p(x +d) = p(x)
Quw=wn =

one solution 1, (X) periodic or anti-periodic (k = 0 or k = «/d)
second solution grow linearly

@ weR\X = 4 grows exponentially as x — oo or X — —o0

n 0 1 2 3 4 5 6 7
symmetry even | even | odd | odd | even | even | odd | odd
periodicity St S_ S_ St St S_ S_ St
sign(w” (k)) 1 -1 1 -1 1 -1 1 -1
S+...d—periodic, S_...d—antiperiodic

[Eastham, 1973]
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Background Gap Solitons

Gap Solitons for '(x) = Np=const.

—¢" —wp+V(X)p—Tos® =0, xR

Gap SO|It0nS EXISt fOI’ a” w 6 R \ Z [Pelinovsky et al., 2004; Pankov, 2005]
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Background

Gap Solitons

Gap Solitons for '(x) = Np=const.

—¢" —wp+V(X)p—Tep® =0, xecR
Gap solitons exist for all w € R \ Y. [Pelinovsky et al., 2004; Pankov, 2005]

@ w” > 0 at even band edges = GS'’s bifurcate
from wom, for Mg > 0

2
2

o M Ao ®

ol

@ w” < 0 at odd band edges = GS's bifurcate
from wymy1 for My < 0

02 03 04 05 06 07 08 09 1 11
w0m1 w2 3 0)4
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Background Gap Solitons
Gap Solitons for '(x) = Np=const.

¢ —wp+V(X)p—Top® =0, xcR
Gap solitons exist for all w € R \ Y. [Pelinovsky et al., 2004; Pankov, 2005]

@ " > 0 ateven band edges = GS's bifurcate
from won, for Iy > 0

s | |- r<o ]
s \—1'.,>° ',,
= e
@ w” < 0 atodd band edges = GS's bifurcate 2
from w2m+l for r() < 0 0 02 0.; 04 05 06 07 08 09 1 1.1
00, O ®, o o,
GS example (M = —1,w € (w1,wy)):
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Background Gap Solitons

Gap Solitons for '(x) = Np=const.

—¢" —wdp+V(X)p—Te¢> =0, xeR
Gap solitons exist for all w € R \ Y. [Pelinovsky et al., 2004; Pankov, 2005]

@ " > 0 ateven band edges = GS's bifurcate

8

from wom for Mo > 0 e ®

=4

@ " < 0 at odd band edges = GS'’s bifurcate 2
from w2m+l for r() < 0 0 02 03 04 05 06 0.7 08 09 1 11
00, © ®, o o,

GS example (M = —1,w € (w1, wy)):

n 0 1 2 3 4 5 6 7
symmetry even | even | odd | odd | even | even | odd | odd
periodicity Sy S_ S_ | Sy Sy S_ S_ | Sy

sign(w” (k)) 1 -1 1 -1 1 -1 1 -1

sign(lp) for local bifurc. 1 -1 1 -1 1 -1 1 -1
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Surface Gap Solitons - Smooth Potential (A)

Outline

e Surface Gap Solitons - Smooth Potential (A)
@ Bifurcations of SGS’s from Nondegerate GS'’s
@ Numerical Computations
@ Asymptotics near GS Bifurcation Points
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Surface Gap Solitons - Smooth Potential (A) Bifurcations of SGS'’s from Nondegerate GS’s

SGS'’s for a Smooth Potential V (x) and ', # T _

Bifurcations of SGS’s from GS's:
Rewrite —¢" —w¢ + V (x)¢ —T(x)¢® =0 as

F(¢7V7 rY) = _¢N - w¢ +V(X)¢ - 7@53 - VSign(X)¢3 - Oa
wherey = (I +T_)/2,v= (L -T_)/2.
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Surface Gap Solitons - Smooth Potential (A) Bifurcations of SGS's from Nondegerate GS's

SGS'’s for a Smooth Potential V (x) and ', # T _

Bifurcations of SGS’s from GS's:
Rewrite —¢" —w¢ + V (x)¢ —T(x)¢® =0 as

F(¢,1,7) = =" —wé +V(X)¢ — 7¢° — vsign(x)¢® = 0,
wherey = (I +T_)/2,v= (L -T_)/2.
@ GS o, (X) givenaty =0,7y=19, weR\X
® J = DyF ($(0.4), 0,70) = =02 —w + V (X) = 30¢%) .,
@ J ... relatively compact perturb. of L — w
= Oess(J) = 0ess(L —w) =% —w
@ weR\YX = d(0,0ess(J)) > 0.

@ nondegeneracy condition: no zero e-vals of J
(expected as shift invariance is broken)
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Surface Gap Solitons - Smooth Potential (A) Bifurcations of SGS's from Nondegerate GS's

SGS'’s for a Smooth Potential V (x) and ', # T _

Bifurcations of SGS’s from GS's:
Rewrite —¢" —w¢ + V (x)¢ —T(x)¢® =0 as

F(¢,1,7) = =" —wé +V(X)¢ — 7¢° — vsign(x)¢® = 0,
wherey = (I +T_)/2,v= (L -T_)/2.
@ GS o, (X) givenaty =0,7y=19, weR\X
® J = DyF ($(0.4), 0,70) = =02 —w + V (X) = 30¢%) .,
@ J ... relatively compact perturb. of L — w
= Oess(J) = 0ess(L —w) =% —w
@ weR\YX = d(0,0ess(J)) > 0.

@ nondegeneracy condition: no zero e-vals of J
(expected as shift invariance is broken)

Impl. Function Thm: 3! ¢, for (v,7) suff. close to (0,70)
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Surface Gap Solitons - Smooth Potential (A) Bifurcations of SGS's from Nondegerate GS's

SGS'’s for a Smooth Potential V (x) and ', # T _

Bifurcations of SGS’s from GS's:
Rewrite —¢" —w¢ + V (x)¢ —T(x)¢® =0 as

F(¢,1,7) = =" —wé +V(X)¢ — 7¢° — vsign(x)¢® = 0,
wherey = (I +T_)/2,v= (L -T_)/2.
@ GS o, (X) givenaty =0,7y=19, weR\X
® J = DyF ($(0.4), 0,70) = =02 —w + V (X) = 30¢%) .,
@ J ... relatively compact perturb. of L — w
= Oess(J) = 0ess(L —w) =% —w
@ weR\YX = d(0,0ess(J)) > 0.

@ nondegeneracy condition: no zero e-vals of J
(expected as shift invariance is broken)

Impl. Function Thm: 3! ¢, for (v,7) suff. close to (0,70)

Conclusion: If J is nonsingular, a nondegenerate GS can be continued to
onclusion: a SGS family for sufficiently small [T, —T_]|.
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Surface Gap Solitons - Smooth Potential (A) Numerical Computations

SGS'’s for a Smooth Potential V (x) and ', # T _

Numerical results

@ homotopy continuation from a GS via Newton iteration on a centered FD
discretization

o I, fixed (=1 or -1) and ' — deviated from I'.- up to a threshold ' =T,
where the convergence fails
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Surface Gap Solitons - Smooth Potential (A) Numerical Computations

SGS'’s for a Smooth Potential V (x) and ', # T _

Numerical results
@ homotopy continuation from a GS via Newton iteration on a centered FD

discretization
o I, fixed (=1 or -1) and ' _ deviated from .. up to a threshold I'_ =T,

where the convergence fails

1“+ =1: upper edge SGS families

1r 0 T T T > T e
! D
0 o5t | /
‘ 3
-50 =0 ————ee——"
B.C|
R -0.5 !
%% o2 LY . . . . —

4
0.2 0 3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
T =-1:. lower edge SGS families

1 T T T T T T T

July 16, 2007
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Surface Gap Solitons - Smooth Potential (A) Numerical Computations

SGS'’s for a Smooth Potential V (x) and ', # T _

Numerical results

@ homotopy continuation from a GS via Newton iteration on a centered FD
discretization

o [, fixed (=1 or -1) and I deviated from I';. up to a threshold ' =T,
where the convergence fails
T, =1: upper edge SGS familes (©) ©

. 1oy ; o i ]
05- | ! i
| + i
o ( co | £ ] 05 0.5
8.c|
05
"oz 0 W
02 03 04 05 06 07 08 09 1 1d B QLA
r,=-1: lower edge SGS families 0 N \(
1 - . . .
05-
o [ 0 05
05- | / o 1
4 b
02 03 04 05 06,07 08 09 1 11 -15-10-5 0 5 1015 -30 -15 0 15 30
Oy, S o, X X
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Surface Gap Solitons - Smooth Potential (A)

Numerical Computations

SGS'’s for a Smooth Potential V (x) and ', # T _

Numerical results

@ homotopy continuation from a GS via Newton iteration on a centered FD
discretization
o I} fixed (=1 or -1) and ' _ deviated from ;. up to a threshold I'_ =T,
where the convergence fails

T, =1: upper edge SGS families

T ; . d
' o} }
0 05 | ) 06 05 F
50 20 i N :
0 05 ° i:
oz oz Vi fi VA
02 03 04 05 06 07 08 09 1 1d ) SN RLE RVAYAS
r =-1: lower edge SGS families \( v
1 - : . ¥ G
05 . .02 Ay NETTE H
“o [ 05 |
05- | / o 1 Vix)
4 b
02 03 04 05 06,07 08 09 1 11 -15-10-5 0 5 1015 -30 -15 0 15 30
00 o o o

X

x

Note: I, — | — 0 as w — wp, Where wy, is the local bifurc. point of the GS.

- quick explanation:
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

For w near wy GP is approximated by NLS:

w=wn+2Q+0(Y, e<<1
o(x) = e AX)gn(x) + e A(X)dn(x) + O(%), X =ex

n ... (anti)periodic Bloch function: (L=wn)tn=0
e 4, ...generalized (anti)periodic Bloch function: (L — wn)thn = 24,
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

For w near wy GP is approximated by NLS:

w=uwn+e2Q+0(Y), e<<1
¢(x) = e AQX)Pn(x) + 2 A(X)Pn(x) + O(%), X =ex
n ... (anti)periodic Bloch function: (L=wn)tn=0
e 4, ...generalized (anti)periodic Bloch function: (L — wn)thn = 24,

... multiple scales ...

(tn, ¥n)’ (n, n)
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

For w near wy GP is approximated by NLS:

w=uwn+e2Q+0(Y), e<<1
¢(x) = e AQX)Pn(x) + 2 A(X)Pn(x) + O(%), X =ex
n ... (anti)periodic Bloch function: (L=wn)tn=0
e 4, ...generalized (anti)periodic Bloch function: (L — wn)thn = 24,

... multiple scales ...

(tn, ¥n)’ (n, n)

@ ODE (2) is Hamiltonian: H[A] = 3 [u(A')? + QA?] + £T(X)A*
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

For w near wy, GP is approximated by NLS:

w=uwn+e2Q+0(Y), e<<1
$(x) = e A(X)tn(X) + 2 A (X)Pn(x) + O(%), X =ex
¥n ... (anti)periodic Bloch function: (L—wn)¢n=0
e 1, ...generalized (anti)periodic Bloch function: (L — wn)thn = 29},

... multiple scales ...

(¥n, n)’ (¢on; ¥n)

@ ODE (2) is Hamiltonian: H[A] = 3 [u(A)? + QA?] + 27(X)A*
@ Asolves (2) =
SHIAX)] = (QA + pA” + pTA3) A" + 2T7(X)AY(X) = £(T4 — T_)6(X)A%(X)
=0
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

For w near wy, GP is approximated by NLS:
w=uwn+e2Q+0(Y), e<<1
o(x) = e A(X)in(x) + e A'(X)in(x) + O(®), X =ex
e 1, ...(anti)periodic Bloch function: (L—wn)Yn=0
e ¢ ...generalized (anti)periodic Bloch function: (L- wn)z])n = 29,

... multiple scales ...

(o) (V7,00
(1/)na7/1n), (wnﬂ/}n)

QA + uA” + pl(X)A3 =0, p=1+2 )
@ ODE (2) is Hamiltonian: H[A] = 3 [u(A')? + QA?] + &T(X)A*
@ Asolves (2) =
ax HIA] = (QA + pA” + pTAP) A+ T (X)AY(X) = G — T)8(X)AY(X)
=0
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

HIA] = % [(A')? + QA7 +§r(X)A4, &H[A(X )] = g(n—r,)(s(X)A“(X)

@ integrate:
lim _HIAX)] = lim HIAX)]+ lim HIAKX)] = lim HIAKX)] = 2(7 — T2)A%0)

X——+00

=0 =0
= A(0)=0 if My#T_
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

HIA] = % [(A')? + QA7 +§r(X)A4, &H[A(X )] = g(n—r,)(s(X)A“(X)

@ integrate:
Jim HIACO] = lim HIAX)]+ lim HIAX)] — lim H[AXX)] = 2(T: = T-)A%(0)
=0 =0

= A0)=0 if T #T_
Consider H[A(X)] on X > O:
@ A(X),A'(X) —0as
X—=00 = H=0 - A'(0) =0
o ImHIAX)] = 5|4 (0)®
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

HIA] = % [(A')? + QA7 +§r(X)A4, &H[A(X )] = g(n—r,)(s(X)A“(X)

@ integrate:
Jim HIACO] = lim HIAX)]+ lim HIAX)] — lim H[AXX)] = 2(T: = T-)A%(0)
=0 =0

= A0)=0 if T #T_
Consider H[A(X)] on X > O:
@ A(X),A'(X) —0as
X—=00 = H=0 - A'(0) =0
o ImHIAX)] = 5|4 (0)®

LA =A(0)=0 = AX>0)=0
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Surface Gap Solitons - Smooth Potential (A) Asymptotics near GS Bifurcation Points

Asymptotics near GS Bifurcation Points w,

HIA] = % [(A')? + QA7 +§r(X)A4, &H[A(X )] = g(n—r,)(s(X)A“(X)

@ integrate:
lim _HIAX)] = lim HIAX)]+ lim HIAKX)] = lim HIAKX)] = 2(7 — T2)A%0)

X——+00

=0 =0
= A0)=0 if T #T_
Consider H[A(X)] on X > O:
@ A(X),A'(X) —0as
X—00 = H=0

_ o = A(0) =0
® ImHIAX)] = 4/A/(0)

LA =A(0)=0 = AX>0)=0

The maximal allowed |l —I _| converges to 0 as w approaches

Conclusion: the corresponding GS bifurcation edge wy,.
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Surface Gap Solitons - per. potential with singularity at x = 0 (B)

Outline

e Surface Gap Solitons - per. potential with singularity at x = 0 (B)
@ Gluing Technique

@ Numerical Homotopy Continuation
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

—¢" —wp+V(x)p —T(x)$° =0, F(x) =y forx > 0,x < 0 resp.

or =T =1 S VAV.VAVA

@ V(X) = Vo(X = 0)X(~o00,0) + Vo(X + ) X[0,00)

Set
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

—¢" —wp+V(x)p —T(x)$° =0, F(x) =y forx > 0,x < 0 resp.

or =T =1 S VAV.VAVA

@ V(X) = Vo(X = 0)X(~o00,0) + Vo(X + ) X[0,00)

Set

-1
-20 -10 0 10 20

Q: Do SGS'’s have anything in common wit GS’s on each half line?
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

—¢" —wp+V(x)p —T(x)$° =0, F(x) =y forx > 0,x < 0 resp.

or,=-T =1 S VAV.VAVA

@ V(X) = Vo(X = 0)X(=00,0) + Vo(X +)X[0,00) —r
-20 -10 0 10 20

Set

Q: Do SGS'’s have anything in common wit GS’s on each half line?
A: Gluing algorithm to generate SGS's:

-step 1- continuous solutions
Letw € ((U2m_1, me).

¢+ (X;w)... GScenteredatx =0with =T,V =V,
¢_(X;w)... GScenteredatx =0withF =T_,V =V,
: e W) =90 (-0w) -9 (dw)
Fix 6 € (0,d) and define:
©.9) folw) = 0 (~5:) + 6-(5:)

zeros wa g Of fa g ~» continuous solutions of (1)

T. Dohnal (SAM, ETH Zurich) Surface Gap Solitons - nonlinearity interface July 16, 2007



Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

0.8

. . -3,0)..
@ ¢, are continuous in w &= o

o d)—(*é‘a W2m—l) = ¢+(§a me) =0 N // 0,6:0)
¢*(_57 me)u ¢+(6a wszl) 7& 0 02 ,’I

0

-
-
P
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

0.8

06 ¢ (-8,0).

-
-
-
-,

@ ¢ are continuous in w

o ¢-(=0wam_1)=¢1(5,wom) =0 Y7 ol
¢*(_57 w2m); ¢+(5’ (,(sz,]_) 7é 0 o2 i

0

-
-
P

Obtain ¢-parametrized family of continuous solutions ¢a g

PA(X;0) = ¢ (X — 8 WA)X(=00,0) + &+ (X + &5 wa)X[0,00)
#B(X;0) = ¢ (X — 0, WB)X(—00,0) — P+ (X + 05 wWB)X[0,00)

T. Dohnal (SAM, ETH Zurich) Surface Gap Solitons - nonlinearity interface July 16, 2007



Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

gap (w,o,) gap (o, ®)
1.05)
1
o
2095 o,
09 O
0.85; 4
0o 25 75 10

oo
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

-step 2- C! solutions
Search the family ¢a g(x; &) for C(R) solutions

ga(0) == ¢_ (=0, wa) — ¢ (5; wa)

Define 98(8) = ¢ (—8;we) + &, (6 we) 0« ...zeros of either ga or gg

T. Dohnal (SAM, ETH Zurich) Surface Gap Solitons - nonlinearity interface July 16, 2007 19/23



Surface Gap Solitons - per. potential with singularity at x = 0 (B)

Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

-step 2- C! solutions
Search the family ¢a g(x; §) for C*(R) solutions
9a(0) == ¢_(=0;wa) — ¢ (6 wa)

i O« ...zeros of either ga or
Define  gg(6) i= o (~0wp) + &/ (Giws) > 9 01 Ge
gap (o, ®,) gap (0, ®,)
' 05

xs
% 1 T

5 7;5 10

]
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Gluing Technique

SGS’s for a Nonsmooth V(x)and ', = —I'_

-step 2- C! solutions
Search the family ¢a g(x; §) for C*(R) solutions

ga(0) := ¢"(=6;wa) — ¢'.(6;wa)

i O« ...zeros of either ga or
Define 9e(0) == ¢ (—0;we) + ¢ (0;ws) * 94 01 Ge
gap (o, ®,) gap (0, ®,)
' 05
xs
% 1 T
5 7;5 10

9g0:3.)
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Numerical Homotopy Continuation

Homotopy Continuation of C! SGSs in w

@ SGS’'s at O — T used as starting points of a homotopy continuation in w:
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Numerical Homotopy Continuation

Homotopy Continuation of C! SGSs in w

@ SGS’'s at O — T used as starting points of a homotopy continuation in w:

gap (04, 0,)
2
6
NE 3 NE
E) S
<, & < 4
3 @ X
= g ks
- K =,
B
0 L o : :
0.7 0.85 08 0.95 1 1.05
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Numerical Homotopy Continuation

Homotopy Continuation of C! SGSs in w

@ SGS’'s at O — T used as starting points of a homotopy continuation in w:

gap (04, @)

110068, )I°
110068, )I°

8=966

0.7 0.85 08 0.95 1 1.05
z ® Qo RTS

@ termination points O_ — T, are bound states of the linear e-val problem:
="+ V(X;6)Y = wi, V(X; ) = Vo(X — 8)X(~00,0) T Vo(X + 6)X[0,00)
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Surface Gap Solitons - per. potential with singularity at x = 0 (B) Numerical Homotopy Continuation

Homotopy Continuation of C! SGSs in w

@ SGS’s at O — T used as starting points of a homotopy continuation in w:

gap (0,0,
6
o a_
EX EX
g " g
x < >
kS 9 Z
= 7 =
.
g 0
0.7 0.85 09 0.95 1 J 05
 of [0] QL HLTfDL

@ termination points O, — T, are bound states of the linear e-val problem:
="+ V(X;0)Y = w, V(X;6) = Vo(X = 6)X(=,0) + Vo(X 4 ) X[0,00)

op(—02 + V(x;0)) 6
for 6 € (0,d)
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Conclusions, Future Work

Conclusions:
@ 1D SGS at a nonlinearity interface in GP eq. - smooth per. potential V (x)

e their bifurcation from nondegenerate GS’s showed asymptotically
o threshold nonlinearity jump computed
o (threshold jump) — 0 as w — (GS bifurcation edge)
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Conclusions:
@ 1D SGS at a nonlinearity interface in GP eq. - smooth per. potential V (x)

e their bifurcation from nondegenerate GS’s showed asymptotically
o threshold nonlinearity jump computed
o (threshold jump) — 0 as w — (GS bifurcation edge)

@ 1D SGS at a nonlinearity interface in GP eq. - jump in V/(x) atx =0

e countably many SGS’s found via gluing of 2 GS segments
@ homotopically continued into families within the frequency gaps
o family termination points related to linear point spectrum
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Conclusions, Future Work

Conclusions:
@ 1D SGS at a nonlinearity interface in GP eq. - smooth per. potential V (x)
e their bifurcation from nondegenerate GS’s showed asymptotically
o threshold nonlinearity jump computed
o (threshold jump) — 0 as w — (GS bifurcation edge)
@ 1D SGS at a nonlinearity interface in GP eq. - jump in V/(x) atx =0

e countably many SGS’s found via gluing of 2 GS segments
@ homotopically continued into families within the frequency gaps
o family termination points related to linear point spectrum

Future Work:
@ nonlinearity interface with discontinuous V(x) and V/(x) atx = 0
@ 2D,3D: —V2%p—wp+V(X)p—T(X)¢3 =0, =T, forx;>0,x3 <0
e both smooth and non-smooth V (X) possible

@ gluing technique not feasible - use homotopy from linear bound states
instead

@ linear stability of SGS’s

e inheritance of GS stability near bifurcation points expected
e far from bifurcation points - possible stabilization due to the interface
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