Effects of dissipative disorder on front formation in pattern forming systems
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We study the effects of weak disorder in the linear gain coefficient on front formation in pattern
forming systems described by the cubic-quintic nonlinear Schrodinger equation. We calculate the
statistics of the front amplitude and position. We show that the distribution of the front amplitude
has a loglognormal diverging form at the maximum possible amplitude and that the distribution
of the front position has a lognormal tail. The theory is in good agreement with our numerical
simulations. We show that these results are valid for other types of dissipative disorder and relate
the loglognormal divergence of the amplitude distribution to the form of the emerging front tail.
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The theory of pattern formation aims to explain the
generation and dynamic evolution of the multitude of
patterns appearing in nature. This theory is of major im-
portance in a wide variety of fields ranging from physics
and chemistry to biology and social sciences. Most pat-
tern forming systems in these fields are affected by pro-
cesses involving noise or disorder. When the disorder
is strong, the patterns are usually destroyed. However,
when the disorder is weak, the patterns can form and
evolve under the influence of the disorder and a very im-
portant question arises regarding the statistics of the pa-
rameters characterizing the forming patterns.

Fronts are probably among the most common patterns
appearing in nature. In this paper we investigate front
formation induced by dissipative disorder, i.e., disorder
in the linear or nonlinear gain coefficient, in systems de-
scribed by the cubic-quintic nonlinear Schrédinger equa-
tion (CQNLSE). The CQNLSE is one of the simplest non-
integrable extensions to the cubic nonlinear Schrédinger
equation (CNLSE) for which solitary wave solutions are
readily obtained [1-7]. The CQNLSE and its exten-
sion, the cubic-quintic complex Ginzburg-Landau equa-
tion (CQCGLE), are of special interest, since they de-
scribe a wide variety of nonlinear physical phenomena.
Examples include pulse propagation in certain optical
fibers and waveguides [6, 8], convection in pure and bi-
nary fluids [7], mode-locked lasers [9] and plasma-laser in-
teraction [10]. Moreover, the CQCGLE, which is a gener-
alization of the cubic complex Ginzburg-Landau equation
(CCGLE), is expected to be valid in systems described
by the CCGLE whenever the cubic coefficient is small
[1, 2]. Because of the nonintegrability of the CQNLSE
the dynamics of its solitary waves is far richer than the
dynamics of solitons of the CNLSE. In particular, small
perturbations can lead to front formation, pulse splitting,
oscillation or collapse. Due to this richness, the CQNLSE
has been widely used as a basic model in pattern forma-
tion [1, 2].

Solitary waves, fronts and other travelling wave solu-
tions for the CQNLSE and for the CQCGLE were ob-

tained in several earlier works [1-7]. Much attention was
devoted to analyzing the stability of these solutions un-
der small perturbations [4, 5, 7, 11]. These studies have
shown that the solitary waves either decay or evolve into
fronts in the presence of a small linear loss or gain term,
respectively. Furthermore, it was noted that in the case
of linear gain the solitary waves are unstable with respect
to emission of continuous radiation. Effects of noise and
disorder on solitons of the CNLSE [12] and on patterns
appearing in the CCGLE [13] have been studied in detail.
However, to the best of our knowledge, effects of dissi-
pative disorder on the evolution of stationary patterns of
the CQNLSE and the CQCGLE have never been inves-
tigated before.

We focus our attention on disorder in the linear gain
coefficient since such disorder is expected to be quite
common in a variety of physical systems. In fiber lasers
and in optical fiber transmission, for example, such dis-
order exists when the linear gain/loss coefficient is fluctu-
ating with propagation distance. In addition, it was re-
cently shown that effective disorder in the linear gain co-
efficient plays an important role in optical fiber telecom-
munication systems with multiple frequency channels
[14, 15]. In pattern forming systems where the patterns
are spatial such disorder can exist as a result of fluctua-
tions with respect to time in the energy that is pumped
into or out of the system. Indeed, a deterministic linear
gain/loss term is included as a part of the CCGLE and
CQCGLE and plays a special role in the dynamics [1, 2].
Furthermore, the solitary waves of the CQNLSE become
unstable in the presence of linear gain and evolve into
fronts. It is therefore very interesting to study the situ-
ation where the linear gain/loss coefficient is stochastic.
The most important questions in this case are: (1) What
are the statistics of the emerging fronts parameters? (2)
Are these statistics dependent or independent of the form
of the dissipative disorder term?

In this paper we address these questions. Using the
adiabatic perturbation theory, we obtain the dynamics of
the solitary wave amplitude. We calculate the amplitude



distribution and show that it has a loglognormal diverg-
ing form in the vicinity of the maximum possible am-
plitude. We then calculate the distribution of the front
position and find that it has a lognormal tail. These
predictions are in good agreement with our extensive nu-
merical simulations. We show that the loglognormal and
lognormal asymptotic behavior of the distribution func-
tions are valid for other types of dissipative disorder and
relate the loglognormal divergence of the amplitude dis-
tribution to the shape of the tail of the emerging front.

Consider the CQNLSE in the presence of weak disor-
der in the linear gain coefficient, where the disorder is
spatially short correlated and zero in average:

W + Y + 2P — e [Y'y = ie€(2)¢,
(€(2)) =0, (£(2)§(2")) = Dé(z — 7).

In the context of nonlinear optics ¥ is the envelope of the
electric field, z is the propagation distance, ¢ is a retarded
time, €, is the quintic coeflicient, 0 < € <« 1 is the linear
gain coeflicient and D is the disorder intensity. The terms
gq4]%|*1) and ie€(2)1 account for quintic nonlinearity and
disorder in the linear gain coefficient, respectively. When
e = 0, Eq. (1) supports solitary wave solutions of the
form 1)4(t, z) = ¥, (z) exp(ix), where

(1)

Ty(e) = Van [(L = 4eqn’/3)"/? cosh(2a) + 1 e

X =a+p(t—y)+ (1 —p%)zand z = n(t —y—262). In
these relations the parameters 7, 3, a, y are related to the
amplitude, frequency, phase and position of the solitary
wave, respectively. Note that the solitary wave solution
15 exists provided that n < 5, = (4¢,/3)~1/2.

We study the evolution of the solitary wave 1, under
the dynamics described by Eq. (1). Since we are in-
terested in the statistics of front formation, we restrict
the discussion to the case ¢, > 0. We also assume that
4De*z < 1, so that for most of the disorder realiza-
tions the dynamics of the solitary wave amplitude is not
yet influenced by the O(e?) radiation instability effects
[1, 5, 11]. Due to the symmetry of Eq. (1) with respect
to t — —t the position and frequency of the solitary
waves are not affected by the disorder. The dynamics
of the amplitude can be obtained by using the energy
conservation law:

. / Al = 2¢£(2) / apr. (3)

Employing the adiabatic perturbation theory around the
solitary waves 15 (see, e.g., Ref. [1]) we obtain

% In [arctanh <i>] = 2t (2). )

Im

Integrating Eq. (4) over z we arrive at

1(2) =nm tanh {¢(0) exp [2ex(2)]} ()

2

where z(z) = [; dz'¢(2') and ¢(0) = arctanh[n(0)/nm].
Since £(z) is short correlated, according to the central
limit theorem z(z) is a Gaussian random variable with
(x(2)) = 0 and (22(2)) = Dz. The distribution function
of 7 is obtained by changing variables from z(z) to n(2)
while using Eq. (5). This yields

F )_exp {~ In’[arctanh (n/n,) /c(0)] /(8De>2)}
V= 8aDE2) Py (1—12 [12,) axctanh (1/17m)

for 0 <17 < 1y, and F(n) = 0 elsewhere. For ¢, < 1 the
distribution (6) approaches the lognormal distribution,
which was obtained for propagation of CNLSE solitons in
the presence of weak disorder in the linear gain coefficient
[14, 15]. Notice, however, that for finite values of €, F'(7)
is very different from the lognormal distribution. First,
F(n) has a compact support. Second, F(n) — oo as n —
Nm- This can be shown by considering the asymptotic
behavior of F(n) near 7,,. Denoting n = n,,, — dn, where
0 < dn/nm < 1, and expanding (6) with respect to dn/n,
we obtain

F (0], ={ (87D€2) /6 [on/ (20 )]}
x exp {0’ [ In [/ (21 /(26(0))] /(8DE2)} . (7)

We refer to the distribution (7) as the loglognormal dis-
tribution. Third, when the disorder strength 4De?z is
smaller than some threshold D: 4De*z < D(g,,n(0)),
F(n) has alocal minimum in the vicinity of n,, and a local
maximum at some intermediate 7. Using Eq. (7) we find
that the location of the local minimum is approximately
given by the equation In[X/(2¢(0))] = 4De’z(X — 1),
where X = — In[én/(29,,)]. When 4De?z > D(g,,n(0)),
this equation does not have a solution and F'(n) does not
have a local minimum (or a local maximum).

The dynamics described by Eq. (1) can either lead
to front formation or to decay of the solitary waves. To
analyze the dynamics of the emerging fronts we define
the front position ¢z, as the value of ¢ for which || =
[ maz /2, where |[¢)|maq is the maximum of |¢| at a given
z. Using Eq. (2) we obtain

(6)

ty, = arccosh [4 +3(1 - 772/77;)71/2] /(27). (8)

We say that the field (¢, z) at a given z corresponds to
a front if By, < n(z) < n,, where B = 0.95. Since B is
sufficiently close to 1, t#,(n) is a monotonously increasing
function. Therefore, the distribution of the front position
G(ts,) is given by

dtys,

S) s ©)

Gltsr) =C (
-1
where C = [ / g’;m dnF (n)] . Equations (8-9) uniquely

define the distribution G(ts,). The tail of this distribu-
tion is lognormal. To see this consider the dynamics given



by Eq. (3) in the limit 5§ — 7. In this limit the integral
over t of |1|? can be approximated by bn,,ts., where b
is a constant. Hence, ty, satisfies dts,/dz ~ 2€£(2)ts,.
Integrating over z we obtain ty, ~ const x exp[2ez(2)],
from which it follows that ¢, is lognormally distributed.
A more rigorous calculation using Egs. (7) and (8) yields

-1
Gltrr)ley, 1 {(27TD€2z)1/2(277mtfr - 1n3)}
— 102 (29t — 10.3)/¢(0)] } |

8De2z (10)

xCnm, €xp {

To check our theoretical predictions we performed nu-
merical simulations with Eq. (1). We used an initial con-
dition in the form of the solitary wave ¥ with n(0) =1,
B(0) = 0, y(0) = 0, and «(0) = 0. The following two
sets of parameters were considered: D = 3, g, = 0.5,
€ = 0.03 and € = 0.05. The simulations were carried out
up to a distance zy = 10. For this value of z the disorder
strength 4De?z is 0.108 for € = 0.03 and 0.3 for € = 0.05.

Equation (1) was integrated by employing a split-step
method that is of sixth order with respect to the z-step
dz [16]. To overcome numerical errors resulting from ra-
diation emission and the use of periodic boundary condi-
tions we applied artificial damping in the vicinity of the
boundaries of the computational domain. The size of the
domain was taken to be —L < t < L with L = 107 so
that the absorbing layers do not affect the dynamics of
the solitary waves. For both values of € we sampled more
than 2.5x10° disorder realizations. In the ¢ = 0.03 case
we employed the technique of importance sampling [17]
in order to access the tail of G(ty,).

The amplitude distributions F'() at z; = 10 obtained
by our numerical simulations for ¢ = 0.03 and ¢ = 0.05
are shown in Figs. 1(a) and 1(b), respectively. A com-
parison with the theoretical prediction given by Eq. (6)
is also presented. The insets show a blow up of the same
data in the vicinity of 7,, together with the theoretical
prediction for the asymptotic form given by Eq. (7). One
can see that the behavior of F(7) is quite different in the
two cases. While for € = 0.03 F'(n) possesses a local max-
imum at an intermediate value 79 ~ 1.06, for ¢ = 0.05 it
does not have a local maximum or minimum. Instead, in
the latter case F'(n) is quite flat at 1 < n < 1.2 and then
increases sharply at 1.2 < i < n,,. This is a result of the
fact that for e = 0.05 4De?z; > D(e, = 0.5,7(0) = 1),
i.e., the final disorder strength is intermediate. In both
cases the agreement between theory and simulations is
good in the main body of the distribution as well as in
the vicinity of 7,,. The later statement means that the
asymptotic behavior of F(n) near 7,, is indeed loglog-
normal in both cases. In the ¢ = 0.03 case, F'(n) has a
minimum located within Anp ~ 10~° from 7,, and then
increases sharply with increasing 7, but we were unable
to capture this very narrow region with our simulations.
We were able to capture the minimum of F(n) in the
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FIG. 1: Distribution function of the pulse amplitude F(n) at
zg = 10 for D = 3, ¢, = 0.5, ¢ = 0.03 (a) and € = 0.05
(b). The squares represent the result obtained by numerical
simulations, while the solid lines correspond to the theoretical
prediction given by Eq. (6). The insets show a blow up of
the same data in the vicinity of 7,. The dashed lines stand
for the asymptotic loglognormal form given by Eq. (7).

€ = 0.05 case at z = 6. The corresponding F(n) curve is
shown in Fig. 2.

Figures 3(a) and 3(b) show the distribution functions
of the front position G(ts,) at 2z = 10 as obtained by
the numerical simulations with € = 0.03 and ¢ = 0.05,
respectively. The figures also present the theoretical pre-
diction given by Eqgs. (8-9) together with the asymptotic
lognormal form (10). The agreement between theory and
simulations is very good for € = 0.03. In the € = 0.05 case
good agreement is obtained for ¢;, < 5, i.e., in the near
part of the tail, while for ¢, > 5 there are not enough
realizations to make a clear statement. From this we con-
clude that the near tail of the distribution of the front
position is indeed lognormal.

We now show that the loglognormal and lognormal
character of the tails of F(n) and G(ts,), respectively,
are valid for other types of dissipative disorder. Consider
the dynamics of the solitary wave 1, in the presence of
a dissipative disorder ie£(z)|¢|*™¢, where n > 0 is an
integer. The cases n = 1,2 are of special importance
since corresponding deterministic terms are incorporated
in the CCGLE and the CQCGLE [1, 2]. We assume that



PO . L LA LA L LA LR L

F(n)

P P O PO PR R B
L 117 118 119 120 121 122 123 E

10'4.|.|.|.|.|.|.|.']|.|.|.-

02 0.3 04 05 0.6 0.7 08 09 1.0 1.1 1.2 1.3
n

FIG. 2: Distribution function of the pulse amplitude F(n)
at z = 6 for D = 3, g¢¢ = 0.5 and ¢ = 0.05. The squares
correspond to the result obtained by numerical simulations,
while the solid line represents the theoretical prediction given
by Eq. (6). The inset shows a blow up of the same data in
the vicinity of 7,,. The dashed line stand for the asymptotic
loglognormal form given by Eq. (7).

G(t)

P

3

1 \\.\-
1 h
1

1

G(t,)

5 L L L L L L L
14 1.6 1.8 2.0 2.2 24 2.6 2.8 3.0
t

i

FIG. 3: Distribution function of the front position G(t¢.) at
zg = 10 for D = 3, ¢, = 0.5, ¢ = 0.03 (a) and € = 0.05
(b). The squares represent the result obtained by numerical
simulations. The solid and dashed lines correspond to the
theoretical prediction [Egs. (8-9)] and to the asymptotic log-
normal form [Eq. (10)], respectively.

5;/ % is not small, so that 2" is not a large parameter.
Using energy conservation we obtain an equation similar
to Eq. (3) for the amplitude dynamics. Taking the limit
17 — 7, in that equation we obtain

2¢n
% In {ln [6277 577] } =2mHpinec(z),  (11)

where ¢, is a constant. Integrating and solving for z(z)
we find that F(n) is loglognormal in the vicinity of n,,

€2C"(5’I’] -1
i [ 20m H}

exp {_ In? [~ In [(€2 6n)/(2nm)] /(26)] }

F(on)| ~{(327rDe2z)1/22"n3n”5n

N

(12)

22n+3n3]nD€2z

where é is another constant. In a similar manner we
obtain that the tail of G(ts,) is lognormal

. -1
Gt = { 2rDED 2202 Gty 3—c,) )

—In® [(2nmtsr —In3 — c,)/d] } ‘

22n+3n;1nnD622 (13)

X Cnp, €Xp {

The result (12) means that the amplitude statistics for
solitary waves of the CQNLSE are very different from
the statistics for CNLSE solitons. Indeed, in the latter
case, where ¢, = 0, the disorder ie£(2)|¢)|*™1) can lead to
an exponential growth of the amplitude associated with
the lognormal tail of F(n) for n = 0 and to a blow up
of the amplitude after a finite propagation distance for
n > 1. Near the integrable limit, i.e., when 55/2 < 1and
Nm > 1, one can expect the amplitude statistics to be
similar to the CNLSE case. For such values of g, the first
order perturbation description might break down before
the solitary waves approach the asymptotic front form
and, therefore, we cannot make a statement about the
behavior of F(n) near 1,y,.

A simple argument shows that the loglognormal di-
vergence of F(n) is related to the asymptotic form of
the emerging front tail. Let us concentrate on disor-
der in the linear gain. We already showed that in this
case when n — 7n,, ty, is lognormally distributed, i.e.,
tfr =~ const x exp[2ex(z)]. Furthermore, taking the limit
t> 1 and én/ny, < 1in Eq. (2) we obtain that the tail
of the front is given by

‘I’S(m)|t>>1,n§n,,mm ~ (‘577/77771)_1/4 exp(—nmt). (14)
Using this asymptotic form at ¢t = tp > 1 to-
gether with the definition of t;. we obtain ty, ~
—In[on/(2nm)]/ (40m), from which it follows that F'(n) is
loglognormal in the vicinity of 7,,. Thus, the loglognor-
mal divergence of the amplitude distribution is indeed de-
termined by the form of the emerging front tail. It would
be interesting to see if similar statistical behavior exist in
other types of pattern forming systems supporting front
formation in the presence of dissipative disorder.
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